We study a two-parameter family of three-dimensional vector fields that are small perturbations of an integrable system possessing a line Γ of degenerate saddle points connected by a manifold of homoclinic loops. Under perturbation, this manifold splits and undergoes a quadratic homoclinic tangency. Perturbation methods followed by geometrical analyses reveal the presence of countably-infinite sets of homoclinic orbits to Γ and a non-wandering set topologically conjugate to a shift on two symbols (a Smale horseshoe). We use the symbolic description to identify and partially order bifurcation sequences in which the homoclinic orbits appear, and we formally derive an explicit two-dimensional Poincaré return map to further illustrate our results. The problem was motivated by the search for travelling 'structures' such as fronts and domain walls in partial differential equations.
Introduction
In this paper we study homoclinic and heteroclinic orbits in a family of nearintegrable three-dimensional flows. The underlying idea is to study the global consequences of local (saddle-node) or quasi-local (homoclinic) bifurcations, whose presence and type can be determined by straightforward normal-form and Melnikovtype perturbation calculations. Geometrical arguments involving a Poincaré map then build on these analyses to create a relatively complete global picture, and a symbolic description, of stable and unstable manifolds and their intersection sets. In this manner we detect and characterise countable sequences of homoclinic, heteroclinic, and periodic orbits, and (partially) describe the bifurcations in which they are born. This paper extends and generalises the studies of [4] and [3]; in particular, we introduce the methods of symbolic dynamics to describe the nonwandering set.
The vector fields studied here and in [4, 3] are simple polynomials which represent key features of rational functions obtained by inserting a travelling-wave ansatz in evolution equations of Ginzburg-Landau type, and the homoclinic or heteroclinic orbits correspond to spatial structures with one or more pulses or bumps (domains) or kinks (interfaces); see [5, 19, 1] and references therein. These structures are generally regarded as relevant to the questions of pattern-formation and spatio-temporal dynamics in extended continuum systems. Specifically, near the initial onset of instability in problems such as Taylor-Couette flow, it has been proved that certain solutions of the governing (Navier-Stokes) equations are tracked by solutions of modulation or amplitude equations of the form
see [18] and references therein. Here A(x, t) : R × R + → C represents the envelope of a nearly-sinusiodal wave, α ∈ C is a parameter, and f i (|A| 2 ), i = 1, 2, 3, are complex-valued real-analytic functions that also depend upon parameters specific to the problem. Travelling, time-periodic solutions of the form A(x, t) = A(x − ct)e iwt for (1.1) satisfy the ordinary differential equation
where = d/dξ and ξ = x − ct. Noting the invariance with respect to phase shift A → Ae iψ and introducing polar coordinates A(ξ ) = ρ(ξ )e iθ (ξ ) in turn reduce (1.2) to a three-dimensional (real) system in (ρ, ρ , θ ) . Several integrable cases exist, in particular those for which α ∈ R, c = w = 0 and f i are real valued (i = 1, 2, 3); or α ∈ iR and f i (|A| 2 ) ∈ iR (i = 1, 2, 3); see [2, 19] . Small perturbations of such a limiting case result in a nearly-integrable system with a structure similar to the problem studied below [4, 3] . However, although our original motivation derived from this application, the methods developed here are more generally relevant to three-dimensional dynamical systems.
The systems of concern here are of the general forṁ x = y, y = x − x 2 + εf (x, y, z; µ), z = εg(x, y, z; µ) ,
